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Problem 4.59

Suppose two spin-1/2 particles are known to be in the singlet configuration (Equation 4.176). Let
S((ll) be the component of the spin angular momentum of particle number 1 in the direction

defined by the vector a. Similarly, let 5’152) be the component of 2’s angular momentum in the

direction b. Show that )

SN - I st 4.225
b 4

where 6 is the angle between a and b.

Solution

Equation 4.225 has to hold regardless of which coordinate system is chosen.
Method 1

Choose a coordinate system where a lies along the z-axis and b lies in the xy-plane.

z

X

Evaluate the expectation value of S(Sl)SIEQ) for the spin singlet, [00). Let d, and 8 be the unit
vectors in the directions of a and b, respectively.

(s587) = (00|sM5?| 00)

- <oo (0 - s<1>)(5b-s<2>)‘oo>

= <00 [(cos 0)S{H + (cos g) Sl(/l) + (cos g) Sﬁl)}

[(cos 0)S{?) + cos (g - 9) SZSQ) + (COS g) ng)} ’ OO>

- <o 0 ‘5561) [(cos 6)S® + (sin 9)5?52)} ‘ 0 o>

1

(00|59 [(cost)s + (sind)sP] T (114 - 41
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Write the spin operators in terms of the raising and lowering operators: S, = %(S+ +S_) and
Sy = %(SJr —-S_).

(s = (00| 352+ 50 |(cost) (51 + 52) + () oo (52— 52| T (114) =1 41))
_<00 (5" 4+ s [(cosa—isine)sf)+(cos0+z'sin9)s( }\;(!TM—HM)
:<00 (80 4+ W) (e 05?) 4 05 >f<m>—m>>

~(00](s + D) [ SE (11 1)~ [ 11 +eSD (114~ L1))]
:4ﬂ<00‘(5(1)+5 )|:719’T>(Sf)|¢>>_eii9‘¢><Sf)|T>>

+e?11) ($P10)) =l 4) (sP11)))]

_412<00 (S8 4+ W) [ 1) (0] 1)) = €71 4)(0) + €| 1)(0) = €| 1) (h] 1))
_ j2<00 (9 +59) (11 1)~ 1 1))
= (00| [(e 5Pt 1) - 5P 4)) + (05D 1) - 5Ol 44
:4h2<00:‘“’< I Ity = e (SO10) 10+ e (sO11)) 1) - (8P 1)) 1))
:4f12<oo ) 1) = e (RITDL) + e (11T~ ¢?(0)]4)]
:fji@o (=l 14y +e 4 t))
4i\i2f<OO|[(cos€—isin0)]¢T>—(c089+isin0)|T¢>]
= Soo [l qun -1 - B2yt +i10)

h2 .
- Z(O()| [cos@(—|00>) —isinf (|10))
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Therefore, because the states are orthonormal,

2 i h2
<5£1>5§2>> - _%cos9<oo|oo> — %sine (00[10)

K2 12

=—7 cosf (1) — ZT sin6 (0)
h2

=-7 cosf.
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Method 2

Choose a coordinate system where b lies along the z-axis and a lies in the xz-plane.

z

X

Evaluate the expectation value of SC(LI)SISz) for the spin singlet, |00). Let §, and &, be the unit
vectors in the directions of a and b, respectively.

(805 = (00]sMs?| 00)

_ <00 (80 - SVY(8 - S<2))‘00>

= <00 {cos (g - 9) S 4 (cos g) Szgl) + (cos 0)5&1)}

[(cos 2) S@ 4 (cos 2) 5(2) + (cos0)S } ‘ 00>

Il
S

00 H(st)S()—I-(COSQ)S } 2)‘00>

I
/\

mﬂﬁanwsst+@weﬂﬁ”}$”;gu¢¢>—|¢¢»

0|[(sin )50 + (cos)sV] [11) (s211)) = 14) (s@11))]

5 (0
= 75 (00| [ine)s + ost)s] 1) (=5140) =14 (511))]

= 2—<00Hsm95(1) (cos0)S¢ }(|T$>+|¢T>)

%\

= (00 [(stm)SE (11 4) 4[4 1)) + (cos)SD (| 1) +] L1))]

2v2
= -5 (00| [P + SO AT Ly 141+ leosnSD (1 14)+141))
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Therefore, because the states are orthonormal,

(s = —2?/5 <00

[sin 0

(st + 50ty 5D+ 5P )

+cos0 (SO 11)+8D11))]

:—2\%<00 {Sige (5P 10+ (SP1TO) )+ (8D 11+ (591 0) 11)]

+ cos 8 [(Sgl)\ T)) [1)+ <S§1)| $>> | T>}}

{Sige[m)umm¢>>m+<h|¢>>|¢>+<0>'“]

reost|(§110) 100+ (-510) 1]}

2 sin cos

= (oo| [ 1) 4 1+ S 1)~ 141))
2 sin

:‘hz <00 [ﬂ9(|11>+|1 —1>)+COSO(OO))]

((00[11) + (00[]1 —1)) +c089<00|00>]

(04+0) +cosf (1)
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